In this paper, nonlinear behavior analysis of an asymmetrically laminated composite beam (LCB) on nonlinear foundation under axial and in-plane thermal loading is considered. To solve the obtained governing equation, a novel method based on Laplace transform is used. The resulted approximate analytical solution allows us the parametric study of different parameters which influence the nonlinear behavior of the system. The numerical results illustrate that proposed technique yields a very rapid convergence of the solution as well as low computational effort. The accuracy of the proposed method is verified by those available in literatures.
INTRODUCTION
Beam is one of the important mechanical elements and has numerous applications in different fields of engineering and industries such as civil, marine and aerospace structures or vehicles. Among these, laminated composite beams with high stiffness and strength to weight ratio are increasingly used in many engineering structures.
In most applications, they are subjected to non-linear vibrations which lead to material fatigue and structural damage due to increment of the oscillation amplitude. Therefore, it is necessary and very important to study dynamic nonlinear behavior and natural responses of these structures at large amplitudes. Furthermore, it is desirable to provide an accurate analysis towards the understanding of the non-linear vibration characteristics of these structures.
Generally, it is often difficult to find an analytical solution for a given nonlinear problem unless some simplifying assumptions are considered. Therefore, the application of different numerical techniques seems to be obligatory. It should be noted that it is hard to have a complete understanding of a nonlinear problem out of numerical results. Furthermore, numerical difficulties appear if a nonlinear problem has singularities or multiple solutions.
However, closed form solutions are more interesting to research community even if they are approximate solutions since they have various advantages such as ease of parametric studies and considering of physics of the problem. Among approximate analytical solutions for nonlinear problems, one may refer to the homotopy perturbation method (HPM) [8] , the variational iteration method (VIM) [9] , the modified Lindstedt-Poincare method (MLPM) [11] , the harmonic balance method (HBM) [4] , the energy balance method (EBM) [20] , the parameter-expansion method (PEM) [19] and He's variational method (HVM) [12] .
Most studies for nonlinear vibration and buckling analysis of beams are concerned with isotropic and symmetrically LCBs, [1, 3, 6, 15, 16] . Due to the bending-stretching coupling in asymmetrically laminated beams, their nonlinear vibrations analyses are significantly different from that of isotropic beams and symmetrically LCBs. A few studies can be found in the literature for nonlinear analysis of asymmetrical LCBs [2, 7, 14] . For example, Patel et al. [14] used a three-nodded shear flexible beam element in order to investigate nonlinear free flexural vibrations and post-buckling of orthotropic laminated beams resting on a class of two parameter elastic foundation. Gunda et al. [7] employed the Rayleigh-Ritz method to study large amplitude vibration analysis of LCB with symmetric and asymmetric layup orientations. Baghani et al. [2] employed the variational iteration method for large amplitude free vibrations and post-buckling analysis of asymmetrically LCBs on nonlinear elastic foundation.
In this paper, geometrically nonlinear vibration and post-buckling analysis of asymmetrically LCB on nonlinear foundation under axial and in-plane thermal loading is considered. First, Galerkin method is used and the governing nonlinear partial differential equation is reduced to a single nonlinear ordinary differential equation. Afterwards, a novel method based on Laplace transform [13] that is called Laplace iteration method (LIM) is applied to obtain analytical solution for the nonlinear governing equation. Finally, an approximate analytical expression will be obtained which allows us to study effect of different parameters on nonlinear behavior of the system. In this paper for the first time, the effect of thermal loading in addition to the other effects is taking into account. The proposed technique yields very rapid convergence of the solution as well as low computational effort.
SYSTEM DYNAMICS
Consider a straight LCB of length l, width b, total thickness h and mass per unit length m which rests on an elastic nonlinear foundation subjected to an axial force of magnitudeP and a thermal load i.e. temperature varies linearly from T b at bottom side to T t at top side of the beam as shown in Figure 1 . A Cartesian coordinate is located while its origin is at left end and itsx direction crosses through the neutral axis of the beam.
Ifw andũ are the transverse and longitudinal displacements of the beam along thez and x directions, respectively, ε 0 shows the beam's neutral axis strain, κ points up the flexural or bending strain of the beam which is known as the curvature and ε th represents the thermal strain. Employing the Von Karman large deformation assumption, the strain-displacement 
where
Andz measures the distance of beam's material element from midline, α th is coefficient of thermal expansion. Moreover, ∆T 0 is temperature variation at midline of the beam and ∆T 1 stands for temperature difference between top and bottom sides and they can be presented as:
The force and moment resultants per unit length based on the classical laminate beam theory can be written as [10, 18] :
where its stiffness coefficients are given as follows [10, 18] :
Each layer k is referred to by thez coordinates of its lower face (h k−1 ) and upper face (h k ) andQ
11 is the elements of the stiffness matrix in thex direction, n is the number of laminas and α (k) th is coefficient of thermal expansion of the kth layer.
Finally, using the Extended Hamilton's principle [17, 18] , the governing equation of transverse vibration of an LCB including thermal effect and axial stretching on a nonlinear elastic foundation can be obtained as
k L andk N L are linear and nonlinear elastic foundation coefficients,k Sh is the shear stiffness of the elastic foundation. By defining non-dimensional variables
it can be written in a simple form as
where r is the radius of gyration of the beam's cross-section, and
To achieve the aims of the paper, the solution of Eq. (9) is assumed to be
where φ(x) is the first normal mode of the beam [17] that is defined for simply supported and fixed-fixed boundary conditions in Table 1 and η(t) is an unknown time dependent function. Applying the Galerkin method [17] , Eq. (9) yields
where Now, it can be assumed that the beam is subjected to an initial displacement according to its first modal shape and zero initial velocity. So, the initial conditions of Eq. (12) can be presented as
where according to the Fig. 2 , A denotes the non-dimensional maximum amplitude of oscillation at the beam's center. Based on the Eq. (12) the nonlinear post-buckling load of the considered LCB can be written as
Neglecting the A in Eq. (15), the linear buckling load will be derived as
The next step is to find the natural frequency of the system. Since the governing equation Eq. (12) is nonlinear, the free vibration of the system has a nonlinear natural frequency which is introduced by ω N L . Indeed, the nonlinear free vibration response of the system η(t) and its nonlinear natural frequency ω N L depend on the system parameters, the boundary condition and the initial conditions. Eq. (12) is strongly nonlinear and nobody can find an exact analytical closed form solution for η(t) and ω N L . Although numerical methods can be implemented to get over this problem but, they cannot offer any suitable way for parametric study. Therefore, it will be valuable if a powerful analytical approximate method exists that presents an accurate approximation of η(t) and ω N L while providing the ability to parametric study of the problem.
DESCRIPTION OF THE PROPOSED METHOD
with artificial zero initial conditions and N is the nonlinear operator. Adding and subtracting the term ω 2 u(t), the Eq. (17) can be written in the form
where L is the linear operator and
Taking Laplace transform of both sides of the Eq. (18) in the usual way and using the homogenous initial conditions gives
where s and I are the Laplace variable and operator, correspondingly. Therefore it is obvious that
Now, implementing the Laplace inverse transform of Eq. (21) and using the Convolution theorem offer
Substituting Eq. (19) and (24) into (23) gives
Now, the actual initial conditions must be imposed. Finally the following iteration formulation can be used [5] 
Knowing the initial approximation u 0 , the next approximations u n , n > 0 can be determined from previous iterations. Consequently, the exact solution may be obtained by using:
In this method, the problems are initially approximated with possible unknowns and it can be applied in non-linear problems without linearization or small parameters. The approximate solutions obtained by the proposed method rapidly converge to the exact solution.
IMPLEMENTATION OF THE PROPOSED METHOD
Eq. (12) can be rewritten in the standard form Eq. (18)
Applying the proposed method, the following iterative formula is assembled
Eq. (28) will be homogeneous, if f (η(t)) is considered to be zero. So, its homogeneous solution
is considered as the zero approximation for using in iterative Eq.(30).
Expanding f (η 0 (τ )), we have:
Considering the relation:
To avoid secular terms in the next iterations, the coefficient of the cos(ωt) in f (η 0 (τ )) should be vanished. So the first approximation of the frequency is obtained as:
Substituting Eq. (31) into (30) and neglecting the secular terms that are the coefficient of cos(ωt) in forcing function f (η) give
This is the first approximation of η(t). Substituting Eq. (35) In this step, to avoid the secular terms the coefficient of cos(ωt) in forcing function must be zero. So,
Solution of Eq. (37) gives estimation ω for the actual natural frequency of the system.
NUMERICAL RESULTS
To illustrate the robustness of the proposed LIM method and to compare with other methods, some cases are studied. First, an isotopic beam in two cases of simply supported and fixedfixed boundary conditions is taken. In these cases, the effects of thermal loading and elastic foundation are ignored. The amounts of the nonlinear to the linear frequency ratio ω N L /ω L are derived for four non-dimensional amplitudes A. Table 2 shows the results of three references as well as the numerical results that are computed by the fourth Runge-Kutta method in both cases. The two last columns in each case show the results based on LIM and by one step and two step iteration. As it is mentioned, the proposed method offers the results with excellent accordance with the numerical results even by one step iteration. In the second step, it is assumed that the composite beam is made by AS4/3501 GraphiteEpoxy. Its mechanical properties [21] are
To study the effect of cross-ply lay-up configuration on the nonlinear vibration of the considered LCB, three cases of configuration are used. In the next step, the nonlinear behavior of the considered LCB due to elastic foundation is investigated. As the [90/0/0/90] lay-up has the most critical nonlinear behavior, this configuration is selected for the rest of the paper. Figure 5 to 7 demonstrate the effects of different stiffness values of K L , K N L and K Sh on ω N L /ω L ratio for both boundary conditions, correspondingly. It can be seen that an increase in the linear and shearing layer stiffness of the foundation leads to decrement of the nonlinear to linear frequency ratio and also an increase in nonlinear stiffness augments this ratio. Also, the shearing layer stiffness has the strongest effect. Now, the axial loading is applied. Figure 8 shows the variation of the nonlinear to the linear frequency ratio ω N L /ω L due to change in the axial loading P . It shows that axial loading amplifies the nonlinear frequency ratio of the LCB.
Finally, the thermal loading is considered. As it is seen in Figure 9 , thermal loading increases the nonlinear to the linear frequency of the considered LCB. The results show that the linear and nonlinear natural frequencies decrease by increasing the thermal loading however, the decreasing rate of nonlinear frequency is less than linear natural frequency. In the previous steps, the effect of each factor was studied, independently. So in the last walk, effects of all factors are implemented simultaneously. Table 3 and 4 show the results for cases with simply supported and fixed-fixed boundary conditions, respectively. Nonlinear Frequency Nonlinear to linear Frequency 
CONCLUSION
In this paper, the effects of different parameters such as vibration amplitude, nonlinear elastic foundation, axial and thermal loading on the nonlinear behavior of the LCBs such as natural frequency and buckling load were investigated. For this purpose and to solve nonlinear governing equation, a new approach based on the Laplace transform method which is called LIM was implemented. This technique provides the ability for parametric study of the considered problem. Results revealed that the presented method offers accurate solution with low computational effort. Moreover, the presented expression is valid for a wide range of vibration amplitudes while predictions of the other analytical techniques such as perturbation methods are valid for small amplitudes. Comparison between the results of the present study and other methods available in the literature shows the accuracy of the method. Results reveal that decreasing linear and shear parameters and increasing nonlinear parameters of foundation lead to increasing frequency and buckling load ratios. Furthermore, increasing axial force decreases absolute values of both linear and nonlinear frequencies as well as natural frequency ratio.
